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This note pertains to the following main theorem of the article [2] by Kim and Ma:
Theorem 1 (Kim–Ma [2]). If a domain Ω in a separable Hilbert space H admits a C2
strongly pseudoconvex boundary point at which a holomorphic automorphism orbit accu-
mulates, then Ω is biholomorphic to the open unit ball B in H.
In its proof, a bijective holomorphic mapping σ :Ω → B with σ(q) = 0 has been con-
structed. However, no explicit arguments showing the complex analyticity of σ−1 had been
presented. Indeed, the main purpose of this article is to give it a concise proof. On the other
hand, we present it as a separate article since we believe that the arguments here are of a
separate interest, in regard to the following unsolved problem:
Problem 1. Let G1 and G2 be domains in a Hilbert space, and let f :G1 → G2 be a
bijective holomorphic mapping. Is f −1 holomorphic?
We now begin proving that the inverse σ−1 to the aforementioned mapping σ con-
structed by Kim and Ma in [2] is indeed holomorphic. Recall from [2, pp. 513–514] that
the map σ admits a point q ∈ Ω and a sequence of holomorphic maps τj :B → Ω satisfy-
ing that
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ball of radius r < 1 centered at the origin, while τj (0) = q for every j .
Furthermore, the mapping τj admits a sequence of real numbers bj monotonically di-
vergent to infinity such that
τj (B) ⊃
{
x ∈ Ω | dΩ(x, q) < bj
}
for every j , where dΩ denotes the Kobayashi distance for the domain Ω .
For each x ∈H, denote by Uδ(x) := {y ∈H | ‖y − x‖ < δ}. Now, fix a point x0 in Ω .
Choose δ > 0 such that U2δ(x0) ⊂ Ω . Then there exists N > 0 such that τj (B) ⊃ Uδ(x0)
for every j > N . We now present two lemmas.
Lemma 1. Let x0, δ, and N be as above. Then there exists r0 and N1 > N with 0 < r0 < 1
such that τ−1j (Uδ(x0)) ⊂ r0B for every j > N1.
Proof. Let bj be as above. Let b = supx∈Uδ(x0) dΩ(q, x). Then choose N1 such that bj >
b + 1 for every j > N1. Then, by [2, Lemma 5.1, p. 510], there is a constant c1 > 0 such
that
dΩ(q, x) c1dτ−1j (B)(q, x)
for every x ∈ Uδ(x0) and every j > N1. This implies
dB
(
0, τ−1j (x)
) = dτj (B)
(
τ−1j (q), τ
−1
j (x)
)
 1
c1
dΩ(q, x),
for every j > N1. Thus, it suffices to take r0 = tanh(2b/c1). 
Lemma 2. There exists constants N2 > 0 and c2 > 0 such that the inequality
dB(x, y) c2 dB
(
σ ◦ τj (x), σ ◦ τj (y)
)
holds for every x, y ∈ r0B, whenever j > N2.
Proof. This follows immediately by the uniform convergence of σ ◦ τj to the identity map
on r0B. 
Finally, we present
A proof that σ−1 is holomorphic. Now let L = N + N1 + N2. The lemmas above yield
dΩ(x, x0) dτL(B)(x, x0) = dB
(
τ−1L (x), τ
−1
L (x0)
)
 c2 dB
(
σ ◦ τL
(
τ−1L (x)
)
, σ ◦ τL
(
τ−1L (x0)
))
= c2dB
(
σ(x), σ (x0)
)
.
A theorem of Barth in [1] says that the topology induced by the Kobayashi distance is
equivalent to the norm topology for the Kobayashi hyperbolic domains in Banach spaces.
Hence, the Kobayashi distance is locally equivalent to the norm distance. Therefore, in our
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with ‖v‖ = 1 and |t | < δ,
∥∥σ(x0 + tv) − σ(x0)
∥∥ c3 dB
(
σ(x0 + tv), σ (x0)
)
 c3c−12 dΩ(x0 + tv, x0)
 c−12 c3c4‖x0 + tv − x0‖ = c−12 c3c4|t |.
This shows that dσx0 is invertible. Since the choice for x0 among the points of Ω is ar-
bitrary, we see that the Frechét derivative of σ is invertible everywhere on Ω . Now the
Inverse Function Theorem implies that σ−1 :B → Ω is holomorphic. 
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